Abstract. We study metrical properties of various subsequences associated to the sequence of rational approximants coming from the continued fraction of an irrational number. Our methods build upon Bosma, Jager and Wiedijk's proof of the Doblin-Lenstra conjecture as well as Jager's subsequent treatment of the sequence of approximation pairs.
introduction
Each irrational x ∈ (0, 1) has a unique representation as an infinite regular continued fraction [a 1 , a 2 , . . .]. By virtue of this representation, it is possible to associate to x the sequence of convergents p n /q n = [a 1 , . . . , a n ], [12] . Define θ n (x) = q n |q n x − p n |. We are interested in studying generic properties of certain subsequences of the sequences {p n /q n }, {θ n } and {(θ n , θ n+1 )}. Our methods make use of ergodic theory and hyperbolic geometry and build upon Bosma, Jager and Wiedijk's proof of the Doblin-Lenstra conjecture (refered to as D-L) [6, 17, 3] as well as Jager's subsequent treatment of the sequence of approximation pairs [13, 3] .
For α ∈ (0, 1], define the subsequenceΘ(α) = {θ n k }, where θ n k < α and if θ n < α then θ n = θ n k for some k. There is of course the associated subsequence of convergents {p n k /q n k }. For simplicity we suppress the reference to both x and α and denote these two subsequences byΘ(α) = {θ k } and {p k /q k }. One interesting fact that is evident in our treatment is that, while for α ≤ 1/2 the sequenceΘ(α) is equidistributed in the interval (0, α), the corresponding sequence of pairs is far from evenly distributed in its natural domain. For α ≥ 1/2 we derive the actual density function for the distribution. We also see how D-L and a famous theorem of Lévy on the growth of the numerator of convergents can be realized in this setting.
As in [6] and [13] , the main tool is the natural automorphic extension T of the Gauss map. The subsequences are associated to a family of automorphisms defined by taking the first return to a region Ω α . These first return maps are extremely interesting in their own right. While T is Bernoulli and therefore qualifies as being chaotic, with decreasing α the first return maps exhibit increasing complexity and appear to do so in a manner reminiscent of the structure of the Markoff spectrum [2] . Techniques form hyperbolic geometry will be employed to gain some understanding of the structure of the first return maps and to point the way for dealing with cases when α < 1/2.
2. basic properties of the sequences and the natural extension 2.1. The natural extension of the Gauss map. We shall begin by discussing the Gauss map, its natural automorphic extension T and a related group of first return maps. These maps are used to pinpoint the sequence of values n k mentioned above as well as providing the framework for analyzing dynamical properties of the sequence of thetas and the pairs. The classical Gauss map is defined on the open unit interval I = (0, 1) by T (x) = 1/x − [1/x], where we use [r] to denote the greatest integer less than or equal to r. The map has several nice properties. First T acts as a shift on the continued fraction expansions:
. Secondly, T is ergodic with respect to Lebesgue measure and has the absolutely continuous invariant probability measure (log 2(1 + x)) −1 dx, [3] . There is a particularly simple and useful realization of the natural automorphic extension of T [14] due to Nakada, et.al. [19, 3] . See also [1] . We shall use a closely related realization of T, defined on Ω = I × (−∞, −1) by
with the ergodic invariant probability measure µ = (log 2)
..] and y n = −a n+1 − [a n , ..., a 1 ].
Note that while T will eventually run out of steam if x is rational, there is no problem defining the map when y is rational or ∞.
2.2.
Definition of the first return maps and their relation to thetas.
Since T is ergodic, τ α is defined, with the exception of a set of measure zero [14] (which we shall ignore). Now define the automorphism T α on Ω α by
We shall use the convention of denoting the n th iterate of a map with an exponent. T α is called the first return map on Ω α . Note that Ω 1 = Ω and
Aside from having some inherent interest, the importance of T α stems from the way in which it ties the sequenceΘ(α) to an ergodic dynamical system.
Proof. This is an elaboration on θ n = ||T n (x 0 , y 0 )|| [9, 10] , which is proved in the following sequence of equalities.
where we refer to [12] and [16] , respectively for the second and third equalities. The proof is by induction. Let m be the smallest value so that
. But this is also equivalent to m being the smallest value for which θ m = 1 xm−ym < α. Together these give,θ 1 = θ m = ||T m (x 0 , y 0 )|| = ||T α (x 0 , y 0 )||. Now to the inductive step. We suppose thatθ k = ||T k α (x 0 , y 0 )||. In terms of the natural extension this is
. Putting this all together we havē
By a theorem of Khinchin, for almost all x ∈ (0, 1) the limiting average of the partial quotients a i diverges to infinity [15] . Consequently, using the characterization of θ n in 2.1, for a.a x the values θ n get arbitrarily small. It then follows from the lemma that for almost all x, T j (x 0 , y 0 ) ∈ Ω α for infinitely many positive integers j, and so the first return maps are all defined for points (x, y) for x in a set of positive measure in (0,1).
2.3.
Basic properties of the subsequences. Our main tool in this section is the following theorem, which will later be shown to hold when T is replaced by one of the maps T α Theorem 1. [6, 13, 10] For x in a full measure set I 0 ⊂ (0, 1) and all y ∈ (−∞, −1), the sequence of points {T n (x, y)} is distributed in Ω according to the density function f (x, y) = (log 2)
We shall further suppose that for x ∈ I 0 the first return maps are all defined at (x 0 , y 0 ).
Observe that f is the density function for the T-invariant probability measure defined earlier, but the Ergodic Theorem is not sufficient in itself to guarantee convergence for the particular values appearing in the theorem, [6, 17] . Using Theorem 1 we can easily prove the following version of the well known theorem of Lévy [18] . It is interesting to see that the placement of the log term in the constant is a consequence of the same phenomena observed in D-L, where good approximations that are only first mediants are not accounted for by the continued fraction expansion when α > 1/2, [4, 12] .
This last value is (log 2) −1 (1 − α + log 2 + log α) if α > 1/2 and is (log 2)
Using the above and the theorem of Levy, we have
Henceforth we shall write c α = (log 2 µ(Ω α )) −1 . By a similar approach, one gets the following version of D-L.
Proposition 2. For α ∈ (0, 1] and for almost all x ∈ (0, 1) the sequencē Θ(α) is distributed in the unit interval according to the density function c α (2 log 2)
2.4. Ergodic theory of the first return maps. The T invariant measure µ restricts to an invariant measure for T α on Ω α , with respect to which T α is ergodic [14] . We normalize to get the invariant probability measure µ α = c α (x − y) −2 dA. Of particular importance is the following result, the proof of which depends on Theorem 1 and the same trick used above.
Theorem 2. For almost all x ∈ (0, 1) and y ∈ (−∞, −1), the sequence of points {T n α (x, y)} is distributed in Ω α according to the density function
Proof. Let B be a Borel set in Ω α with boundary of zero measure and suppose the limit
exits and is equal to µ α (B). As a consequence of the Ergodic Theorem this holds for almost all (x, y) ∈ Ω α . Using formula (2.2), the limit (2.3) can be rewritten
By Theorem 1, if this holds for (x, y) then it will hold for (x, y ) for any y ∈ (−∞, −1). Thus the limit (2.3) also hold for (x, y ) for any y ∈ (−∞, −1).
Modulo some simple measure theoretic considerations, this implies the theorem.
3. The first return maps and the distribution of theta pairs
In this section we turn to the space of pairs of the form {(θ n ,θ n+1 )}and see how Jager's approach can be modified to derive the distribution function for the generic sequence of pairs.
3.1. Theta pairs for α ≥ 1/2. The natural domain for the pairs, when α is taken to be greater than or equal to 1/2, is the set
Jager's description of the distribution of approximating pairs becomes Theorem 3. For α ≥ 1/2 and almost all x ∈ (0, 1), the sequence {θ k ,θ k+1 } is distributed in the region Λ α according to the density function λ α (w, z). In other words, for almost all x ∈ (0, 1) and for any Borel subset B of Λ(α) with boundary of measure zero
3.2. The structure of the first return maps for α ≥ 1/2. Supposing α ≥ 1/2, define the following sets:
As usual we denote the closure of a set with an overline. Let ∇ * α denote the union of ∇ α and its boundary along the curves x = 0 and x = y + 1/α. Lemma 2. When α ≥ 1/2, T is a bijection, mapping Ω − α onto ∇ * α . Consequently, there is a simple dicotomy describing T α :
Note that this extends to the diagonal x = y + 1/α, as well as the line x = 0
On the diagonal we have (u, v) = T −1 (x, y) = 1 y + 1 + 
3.3.
From Ω α to the domain of theta pairs. Define
The next proposition elucidates the relationship between the space Ω α and the natural domain for the theta pairs. In effect it allows us to equate the T α -orbit of a point in Ω α with a sequence of pairs in Λ α . It is an easy step from here to the proof of Theorem 3. Proposition 3. . a) F(x, y) = (w, z) maps Ω α injectively onto Λ α . Its inverse is given by
Its inverse is given by
c) Furthermore, for almost all x ∈ (0, 1) and (x 0 , y 0 ) = T(x, ∞),
Proof. The injectivity in the first statement is proved and argument for H − , which is much the same but more laborious, is left to the reader.
One sees easily that F • H(w, z) = (w, z). We complete the argument by showing that F is one-to-one. If not then we can find (x, y) and (u, v) so that ||(x, y)|| = ||(u, v)|| and F + (x, y) = F + (u, v). The first becomes 1) and the second takes the form
Then 3.2 is shuffled to give xu(y − v) = yv(x − u) and substituting in for y−v from 3.1 and canceling, we get xy = uv. Taking this back to 3.2, we can cancel the terms in front on both sides and then substitute in for u = (xy)/v. Multiplying through by v and simplifying gives v 2 − v(x − y) − xy = 0. Since v must be negative we get v = y and the result follows.
You may have noticed that, in fact, both F + and F − are defined on all of Ω and that they have the inverses H and H − , which are defined on the triangle w + z < 1 in the first quadrant.
The map F is continuous and both F + and F − extend continuously to the boundaries of their domains. One then checks that the maps on the boundary are onto the boundaries of Λ and Λ − . This includes the "boundary at infinity" mapping to the remaining boundary component. For the sake of honesty we check b).
Consider the curve y = αx α−x
. Its image under F − has
Now substituting in for y and using the first and second parts of 3.3 we have
which is the curved boundary component γ of Λ − . The image of the piece of the boundary with x = 1 and y ∈ ( α α−1 , −∞), is the segment of z = 1 with w ∈ (0, 1 − α). As y → −∞, w goes to zero and z takes on values between 0 and 1 − α.
That completes parts a) and b) of the lemma. We still need to address part c), which says that given x ∈ (0, 1), F takes the sequence (x k ,ȳ k ) to the corresponding sequence of theta pairs.
Suppose we have x generic for the conclusion,θ k = ||T k α (x 0 , y 0 )||, of Lemma 1. Sinceθ k = ||(x k ,ȳ k )||, the result is clear for the first entry, so we turn to the second.
By Lemma 2 there are only two possibilities for the value ofθ k+1 . First,
The second possibility occurs when (x k ,ȳ k ) ∈ Ω − α . Then we must have 1/2 ≤ α <x k < 1 and consequently [1/x k ] = 1. Using this fact and a little calculation gives
That completes the proof of the proposition.
3.4. The distribution. The following is a strengthened version of Theorem 3.
is distributed in the region Λ α according to the density function λ α . Furthermore, this holds for almost all x ∈ (0, 1) with (x 0 , y 0 ) = T(x, ∞) and in this case
Proof. This is a modification of the proof in [13] along the lines of [11] . Abusing notation we define the measure λ α on Λ α by setting
Then following a messy computation of Jacobians, we have
thus justifying our abusive notation. Since T α is ergodic with invariant probability measure µ α , for almost all
That proves the first assertion of the theorem. Now suppose x ∈ (0, 1) is chosen from the full measure set I 0 , guaranteed by Theorem 2, for which the sequence (x k ,ȳ k ) is distributed according to the density function f α . Then as a consequence of Proposition 3 and 3.4 above we get
In the three graphs of Figure 1 , the sets of pairs (θ j ,θ j+1 ) are plotted for different values of α. Theθ's have been extracted from a sequence of θ's, generated by taking x = π 2 + √ 2 − 1. When α = 1 you see the distribution described by Jager's theorem [13] . For α < 1/2 it is difficult to see any interesting detail using this approach.
Figure 1
A geometric approach that addresses all values α
In this final section we shall revisit the first return maps using a more geometric approach. 
Then for any y < −1, T n+1 (x, y) = (g n+1 (x), g n+1 (y)) [10] . The transformation g n is an automorphism of the Riemann sphere. It will preserve the upper half-plane H when n is even and it will interchange the upper and lower half-planes when n is odd. We shall extend g n to a self-map of H by setting
Given x = y, real numbers or infinity, let xy denote the arc of the circle in the upper half-plane H orthogonal to R ∪ {∞} =R. This is a geodesic in the Poincaré model for the hyperbolic plane. We'll have T n+1 act on geodesics by setting T n+1 (xy) = g n+1 (x)g n+1 (y) = G n+1 (xy). One begins to see how this fits with the earlier material in the following. = 0. A simple calculation [8] shows that the transformations G n permute the discs in D(α). Then, since
Geodesic-horocycle intersections and τ
(α) be the horocycle intersecting xy with q n minimal. If q n = 1 and (x N , y N ) is not defined.
As in Example 1, as α decreases one expects that the sets on which τ α is not defined will increase in complexity. We conjecture that there exists a value α ∞ so that if α > α ∞ , the set S α = {x | τ α is not defined} is finite whereas for α < α ∞ the complexity and probably the Hausdorff dimension will increase with decreasing α.
